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Block Diagrams

4-1-1 Modeling of Typical Elements of Block Diagrams in Control Systems

The common elements in block diagrams of most control systems include

* Comparators
* Blocks representing individual component transfer functions, including
* Reference sensor (or input sensor)
* Output sensor
* Actuator
» Controller
» Plant (the component whose variables are to be controlled)
« Input or reference signals'
« Output signals
» Disturbance signal

« Feedback loops

Disturbance
M’ Resfmnoe Controller —{ Actuator —1&—» Plant Oum:
ensor
Qutput |
Sensor
" Figure 42 Block diagram representation of a general control system.

Kyung Hee University
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ei=riH—y(n)
E(s) = R(s) — ¥(5)

e(t) = r(t) + W(1)
E(s) = R(s) + Y(s)

R(s)

¥ | ¥is)
(@) (b)
o) | Ryfs)
A comparator
e(t) = () + ra(t) = v(D) performs addition
and subtraction

E(s) = Ry(s) + Ry(s) - Y(s)

yi) | Yis)

(c)

Figure 43 Block diagram elements of typical sensing devices of control systems. (a) Subtraction.
(b) Addition. (c) Addition and subtraction.
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In Laplace domain, the following input-output relationship can be written for the sys-
tem in Fig. 4-4:

X(s)=G(s)U(s) (4-4)
If signal X(s) is the output and signal U(s) denotes the input, the transfer function of
the block in Fig. 4-4 is

_X6) :
G(s)= UGs) (4-5)

Typical block elements that appear in the block diagram representation of most control
systems include plant, controller, actuator, and sensor.

u (1) x (1) Time
» &inu) domain
U(s) X(s)
¥  Gs) > h.aplaf:e :
OMAN - Figure 44 Time and Laplace domain block diagrams.

gep BT
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EXAMPLE 4-1-1

U(s)

X(s)= A(s)G,(s)
A(s)=U(s)G,(s)
X(S)= Gx(s)Gz(S)

G(s)=G,(5)G,(s)

G| (¥)

A (s)

Gy (%)

X (5)
e

(4-6)

Figure 4-5  Block diagrams G (s) and G(s)
connected in series—a cascade system.



EXAMPLE 4-1-2

Ails) = U(s)

Ax(5) = A1 (5)Ga(s)

Az(s) = A1 (5)Gz(s)

X(s) = Az(s5) + 4a(s)

X{s5) = U{s){G1(5) + Gals))
_ X(s)
. L"(S;l

Gs)

G(s) = Gi(s) + Gafs)

Ay (s) As (5)
— Gy (s)

/(s)
Uls o P

3 (G (s)
Ay (s) Az (5)

(4-7)

Figure4-6  Block diagrams G (s)and G (s)
connected in parallel.



IE= HOAIAREL e =S4k

o v Y(s)=G(s)U(s)
e V(1) g

" R B(s)=H(s)Y(s)

Hm._ s U(s)=R(s)- B(s)

Y(s)=G(s)R(s)—G(s)H(s)Y(s)
(0, R(s)=71FLUE R

y(@), Y(s)= ZEZAPAT) M Y(s) __ G(s)
b(1), B(s)=F =8iA & R(s) 1+G(s)H(s)
u(t), Us)= AN 3 = Q2 3F e(r), E(s)[H(s)=1¢ ]
H(s)= 3 =4 g3
G(s)H(s)=L(s)= FZAGYT
G(s)=AWA ZAGESF
M(s)=Y(s)/R(s)= H| FZAG TS T A 2"AE TS




3-1-2 Relation between Mathematical Equations and Block
Diagrams

®:U(s)- 2w, X(s)s— o} X(s)= X(s)s’ (4-16b 0. 2U(s) + 2 X(s) X(s)
U | XS
2 : 2
w,~U(s) + 5 X(s)
L
—> 2o X
20w, X(s)s -
@,"X(s)
X
@,"X(s) Figure 49 Addition of blocks 1/8, 2La,s,
and @] to the graphical representation of
Figure 48 Graphical representation of Eq. (4-16) using a B (£16)
comparator. '
LU(x) & 4 | Xis)
— o} B »
2
V(s) ks W.s (4-20) St
U(s) s"+2{o s+,
m"‘l

Figure 410 Block diagram representation
of Eq. (4-16) in Laplace domain.

x
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X(s)

Li(s) 4 | Xis)
— o} I > ; > :‘ X(s)
2{m,s
; 2{m, l—— le—
-
(a)
U(s) 0 A(s) 1 V(s)
—> > >
2, —
Figure4-10  Block diagram representation
of Eq. (4-16) in Laplace domain.
o,
(b)

m

g B T
Kyung Hee University
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1 X(s)

Figure 4-11  (a) Factorization of 1/s term in the internal feedback loop of Fig. 4-10. (b) Final block
diagram representation of Eq. (4-16) in Laplace domain.

U(s)

W(s)
— o}

Figure 4-12  Block diagram of Eq. (4-16)
in Laplace domain with V(s) represented

as the output.
2
m O e—
gep BN s

Kyung Hee University



U(s)

V(s) 1 X(s)
»

Us)y + j Als)

X(s)
(a)
Uls) + s | AG)+ 1 Vis) | X(s)
_’< )_ " o 05 g
s s
2w,
(b)

Figure 4-13  (a) Factorization of . (b) Alternative block diagram representation of Eq. (4-16)
in Laplace domain.



Vis) | X(s)

hlv—ﬁ
Y
I
v

Uls) + o, | A+
o}

20, o

U(s) + 1 1 X(s)
' ( > g s+2¢ o, ’ 3

2
n

s +2€o s+o]

Figure 4-14 A block diagram representation of
@’o‘ﬂtﬂﬁm

Kyung Hee University



4-1-3 Block Diagram Reduction: Branch point relocation

(a) P
A(s) p GH(5) » Y(s)
Y(s) = A(s)Gy (S)
B(s) = Y% JH{ (s)
B(s) «— H,(s) |«
- =
b
W A(s) 2 » GH(s) » Y(s)
Y(s) = Als)Ga(s)
Afs)
B(s) = A(S)G,(s)H,(9) Gafs) = v
‘ Y(s)
B(s) = Y(s)H1(s)

B(S) <4— Gy(5H,(S) ¢—

Figure 4-15  (a) Branch point relocation from
e point P to (b) point Q.
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3-1-3 Block Diagram Reduction: Comparator reloca™ . ..

(a)
A(S)

Figure 4-16 (@) Comparator relocation from
the right-hand side of block G,(s)to (b) the
left-hand side of block G(s).

B(s) «— H,(5) «

+
Gy(s) —f@—» Y(s)
+

Yi{s) = Als) + B(S)H (s)

1
(}Q(S)

Y(s) = Y1(5)Ga(s)

(b) ¥ Y\(s) l
A(s) —*O—’ Go(5) —» Y(s)

H(s)

B(s) <« G,0)

+
ffl(s)

Ga(s)
Y(s) = A(s)Ga(s) + B{s)H (s)

Y(s) = A(s)G2(s) + B(s)

(}2(5)



EXAMPLE 3-1-5 Find the input—output transfer function
of the system

(a)

Figure 4-17 |{a) Original block diagram.kb) Moving the branch point at Y| to theleft of block G..
(c) Combining the blocks G, G,, and G.. (d) Eliminating the inner feedback loop.



(b)
Ys ST
——» Gy Gy +0Gy >
()
Y, o
L GGi+Gy >
Y(.S‘} . G1G2Gs + GGy
Els) 1+ GGaHy +G1G2Gs + G1Gy
(d)
& O . Figure 417  (a) Original block diagram. () Moving the branch point at Y, to the left of block G .
Kyung Hee University (¢) Combining the blocks G,, G,, and G.. (d) Eliminating the inner feedback loop.



4-1-4 Block Diagram of Multi-Input Systems—Special Case: Systems with a Disturbance

Super Position: For linear systems, the overall response of the system under
multi-inputs is the summation of the responses due to the individual inputs, 1.¢., in this case,

Yiorat = YR|p—p + ¥YDlg—p (4-28)
D(s)
Controller = Plant
E(s) Y(s)
G 1 Gz >

Output Sensor

Hl <

Figure 4-19  Block diagram of the system
in Fig. 4-18, when D(s)=0.
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Yix)
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When D1} = 0, the block diagram is simplified (Fig. 3-20) to give the transfer function

Fir)  Gils) Gas)

- 2
R(s) 1+ Gy(3) G2 Hy(9) Vs
H fe—
When R{s) = 0. the block diagram is rearranged to give (Fig. 3-21% ‘ = - 5)
- >
¥is) —Gals) -
- 3-;
Disy 1+ Gyls) Gals) Hyls) (330
H
()
Xy - O 1is)
——u’-—.-—~~———b
| :vciul 2
As a result, from By, (3-28) 10 Eq. (3-32), we ultimately get :
i
¥
Ris)|p—y Dis}|p-o 4.3
(4-31) Figure4-20  Block diagram of the system in Fig. 4-18, when R(s) = 0.

¥s) =1 GiG % p(s)

GGl M TG Gl

gep BT

Kyung Hee University
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r{t) ——» » Vi(D)
rot) ————» —— V(1)

MULTIVARIABLE
: SYSTEM :
rp(f) ———» —> (D)
(a)
r(/) —— | MULTIVARIABLE [ y(1)
SYSTEM
(b)




R(s) Q U(s) G Y(s) 5
+

%) H(s) |«
Y(s) = G(s)U(s) Y(s) = G(s)R(s) — G(s)H(s)Y(s)
U(s) = R(s) — B(s)  Y(s) = [1 + G(s)H(s)] " G(s)R(s)
B(s) = H(s)¥Y(s) M(s) = [I + G(s)H(s)] ™" G(s)

Y(s) = M(s)R(s)

@’o‘ﬂtﬂﬂm
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I + G{s)H(s) =

M(s) = [I + G(s)H(s)] "' G(s) =

A

G(s) =

__s+2s+3

I

b

1

A

+ |

+

s+ 55 + 2

T s+ 1s+2

+

—
—

2
s s(s + 1)

ey

1

— by

5
3s + 2

35+ 95+ 4
s(s + 1)(s + 2)

2

s(s + 1) _
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Signal-Flow Graphs (&S S &8 &)

o¥

1o

=224
— OtCl(node): & ==
— JFXl(branch): 0| S 1+ &t &k

Yo = aq Y1
04l M| 3-2

=0
Y

Yo =8yt a3Y;
Yz =aygY, tazy,
Y,=a,Y, +a,Y;+a,y,
Ys =axY, t Y,

1
El

5O




Figure 3-7 (p. 50)

Step-by-step construction of

the signal-flow graph in
Eq. (3-27).

ol
o
=
e

El

o)

-
h

50

-
h

=0

-
o

O
A Vs Y3 Va
(@) Yo = a2y +a32)3
4! 2 '[l
o 2 (1:
0 > d >
i Vs V3 Va
dy
O P-
M
(C) Y2 =apay) +d3ay3 V3 =aAn3 Y2+ Yy Vg =doyVsr +d3y)y +dyaVy
dya
O »
M1

(d) Complete signal-flow graph




4-2 SIGNAL-FLOW GRAPHS (SFGs)

m

o

% SICH ul

K

yung Hee University

Transfer Function Block Diagram Signal Flow Diagram
One block System (a) (b)
7);‘% = Gis)
' - R(s) Gis) Y(s)
R ¥
(s) GGs) 5) & > &
Cascade (c) (d)
¥is)
— = (Gys) G
R - O Rs) Gys) A Gy ¥is)
q oy ' '(_\l 5 AR ) 5
R(s—)y Gyls) A(s): Gols) ﬂb © > O »> o
Parallel (e) ()
¥is) _ _ .
m = G](S) + 02(5) R(s, ‘yi‘.\ )
Ris) : : : Y(s}
» ((s) Ayls) Yis) = Aol s)+ A5

Ay(s) @ As(s) 1s G - s}
Feedback (g) (h)
M _ G(s) ) ) 3 | Gis) |
Ris) ~T+Gis His) RO [ e T e

¥ - Ris) Els) Y(s) Yis)

Sl ~H(y)

H -
Bis) )

Figure4-23  Block diagrams and their SFG equivalent representations. (a) Input-output representation
in block diagram form. (&) Equivalent input-output representation in SFG form. (¢) A cascade block
diagram representation. (d) Equivalent cascade SFG representation. (¢) A parallel block diagram
representation. (f) Equivalent parallel SFG representation. (g) A negative feedback block diagram
representation. (h) Equivalent negative feedback SFG representation.
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& S 0tCI(or source): L =2 L= JHAI=Et

OtCl
=20l (orsink): SEH2= JHAIS8Bt=S
A Z(path): €2 222 ASAHQ1 )
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el

=

H| & = 2 X (nontouching loop): Al S SN T2 &
£=0] 5352 0ILIE s=olAl 2= 3=,

otm




oY

1o

%ﬁ?

DICl= HEAl=E B =2] gt
OIClZ2 =02 2= A
et & L

—  Yi1=eery2tasiystauystasiys

JICI 2 HAl=l BH2] gt
JIC| & LHte 2= JHA
(2t 8 E =L

—  Ye=acheY1, Yr=au7y1, Ys=cusy1



ol N
W3 our
=il 3
SR
WAk
Boy opD
sTUr UK
HS RO
Oloy A MU
o0y WK
D0 RO
m: il 8l ol
N\ ST H 2
Myr o
1o = J0 Ko
Al — ~ y Ur
U = S5 %0 Ol
O = ny D0 AU
CMR A
UF B0 & AU AD i
o5 < =

RO

m@



\\ a+ b+ c /

O >

Figure 4-25 Signal-flow graph with parallel paths replaced by one with a single branch.

tya txy 34
O > O > O > O
b4 Y2 ¥3 Y4
ity
o, > O
A} Y4

Figure 4-26 Signal-flow graph with cascade unidirectional branches replaced by a single branch

m
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U= HAHAIAE S AeSsSHEE

r
R ¥ |
- Oa
-

l (s(5) |
O > Q > 9, > O
R(s) B W Y(s)
~H(y)
R(s) U(s) Y(s)
(O] oo ,
r(1) + u(r) V(1)
b(1)
— H(s) |¢——
B(s)




Example 4-2-1

L G‘
4
y Y, - )
e 2 Gz GJ —
€ 1,
(a)
o) C o o o) C (o]
R E Yy Y, ¥ Y Y
(b)
Gy

()

gep B
Kyung Hee University  Figure4-27  (a) Block diagram of a control system. (b) Signal nodes. (¢) Equivalent signal-flow graph.
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Yin= QBT Hp

You= ZHAIT] HE

M=y, 3} you Al0]9] 05

N=Y,u T} your A018] AR 2| 222
Mi=Yu Pt You AF01S] k5] Al 20] o] 5

A=1—= DL+ DLyp— Dhg+ - (3-32)
i j k

L =re] vASFEY Shed mWA =i, j, k, ..) 239 oS3



A=1-(AZS} BE FHZo|50] P+(F MY vjgER= /}5% BE
23] o] 5FY] WA A MPETILY F1ee nE 29 o)F

7 )+ (3-33)
A=A AN 29 AEBA] e ATESHEA YA
o Ol Kl 4-2-3
L R(s)%t ¥(s) Aleloll= 4 shte] A7 ext gom 1 @7 gose
M, = G(s) (3-34)

2. 23 dhte] £xgl glon fxoTe.

Liy = —G(5)H(s)
3. oA ghife] $xPolE HEERZEL YUk P AR 0
T FFEF o] itk mEA Ayj=10jx

o - A=1-— Ly = !, + G(S)H(S) (3-36)



¥(s) _MA G(s)
R(s) A 1+ Gs)Hs)

o NIXl 4-2-4 33 ys Aelg) % Aol ARz A o) S8

M =a1502303405, HEER Y=y Y=Y Vs

My=a ;s AYARZ: yi—y,-ys

My=a,,a,,a,5 AMBR: yy—ym—ya—ys
IEFAES ) A F27F 3 3-109] 1}el Qo) £Xo|Ee

L = axay Ly = asnay; Ly = apasa5 Ly = ay
JEES e P

‘0
4

’°4 ul (d) Complete signal-flow graph
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284 5 A9 v gERo 5o FL

Ly = axnayiy

BE FE2 AR M, el M39'}' @%ﬁ':ﬂ =3 IT}E]—/H ﬁ|=A3=1.
TFES AN E M, o FE5t3L YA g} webA

Y37 ¥s™ Y3 o} Y47 Y4

A, =1 — aga; — ay . (3-39)

2 3319 ole= tYstE

Ys _ Myl + MyA; + MiAy  (aptpaass) + (@)l — @uag — ay) + a1aa.s

Y A 1 — (@83, + @yt T Apgttgfiyy + Q) + ApaG3ay

(3-40)

A=1—-(Ly+L+Ly+Ly)+Lp
= 1 = (@305 + G343 T Guinay + Gy) + ayasy (3-41)

Y2 _ a1 — Quay; — au) (3-42)
N A
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Let yin be an input and y, . be an output node of an SFG. The gain, y /Y, ,
wherey, is not an input, may be written as

)"mu EJ\'I‘ A' ‘unm L (1 L
LV A
y: )i ZJ‘I‘A‘ Elrum P 100
}". A “
Because A isindependent of the inputs and the outputs, the last equation is
written as yoo X‘W*AiL,\.nn N

y-' B X.‘\"’;\;’S‘_l".m“ h-l|




Simplified Gain Formula

Condition: when all loops and forward paths are touching,

EXAMPLE 4-2-8 For Exampic 4-2.5, waere there are nontonchssy 0ops, = seen &= Fig. 4-33, the stmplifled
fRin formmaia can be used by dimimating the soniraching loops afer some block dlagram

mantpaiations
I3¢ two Sorwand patls betwesn § and §, and the forwarnd-path gales 27 20w
Forward pata Gan
S P ST P S A M, - C(".CKCIC'
) b S N S L M.~ GGG

Tac two Souching loops of B SFG are shown tn Fig. 4-33. The loop gatns are

Loop Galn
)l" ." - Y L= ‘(4'.”
S M P S F Ly =-GGGH,
Note In s a2
S m gal

» oA
1411,

G = e
LG H,

Hoa,
A=13GH <CH s CCLH vH,
+QGHH -CHH SCHNE GCCOHH GG HH,
As 3 resall,
Yis) 5 CI(.', +G G
Ris) A
m

@ o ZICH S ul

(yung Hee University

x

N Yout _ Z Forward Path Gains

Yin 1 — Loop Gains

e
~ A
-
:
“
7
- .

(4.52) ™

4.3

1=l

Sgeoddl (&) Modded ok dagmam of the consrl spsiest in Fig, 4-32 o Simisaie the nomoucing
loops. (&) Stymal nodas roprosenting the vartables, (¢ Equivaient ggnal-fiow graph
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Figure 3-19 (p. 60)

State-diagram representation of the differential equation of Eq. (3-58).
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ax(t) + br (t)

at

dx(t)
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xy?) —( 0+a) 1 l—anaq— A0) 0
— c:t N laj-ai Bt 1 + aya, [-’f'z(f) +10 r{t)
= ao| Lo o o JtmO U
\ | dr
| r ) 1 a
" : : : : ¥t} = 1 + aoﬂex'(t) + 1 + aoagx:;(t)
Figure 4-39

(a) State diagram.
(b) State diagram in part (a) with all initial states and integrators left out.




Example 4-4-1

B K 1
)+ —y(t)+—y(t)=—[f(t) 4-105
Yy +2y Mf ( )
b y{{) b V(1)
— ’\
Z K110 Ky(t) ¢———
Z l] M g B0 M )
,: dt *
e B
(a) (b)

Figure 4-40 (a) Mass-spring-friction system. (b) Free-body diagram.

where y(1) is the output, %2 is considered the input, and 5-(:):[ ‘—1%“—) ) and j(t) =( d—dM] repre-
t t
sent velocity and acceleration, respectively.
» For zeroinitial conditions,
Y(s)(s2 +-§—s+ £)= F)
M M M
&sgg[“qm Y(s) _ 1
Kyung Hee University F(S) Ms: +BS+ K
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where

and

The output equation is

So Eq. (4-107) is rewritten as

Z3I0Het

K

yung Hee University

x(t)=Ax(t)+Bu(t)
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M:xz(l)

dt
dx,(t) K B S (4-112)
L = —x (1) ——x, (1) +— (¢
ar MR
y(t)=x,(t)
Yis
- LR
§ 8
K e Figure4-41 Block diagram representation of
mass-spring-damper system of Eq. (4-106).
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-

For nonzero initial conditions, Eq. (4-112) has a different Laplace transform representation that
may be written as

sX,(s)—x,(0)= X,(s)

B K 1
sX,(s)-x,(0) Mxl(s) MX,(s)-o-MF(s)
Y(s)=X,(s)

The corresponding SFG representation for Eq. (4-115) is shown in in Fig. 4-43.

F(y) X5(5) 1 | Y9 =X
>

S

x| |2

Figure 4-42  Block diagram representation of mass-spring-damper system of shown in Fig. 4-41.
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X 1) Xty
5 Y
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e £3
M ! v~ |

~K/M

Figure 4-43  SFG representation of mass-spring-damper system of Eq. (4-115) with nonzero initial
conditions x (1) and x,(1).

Upon simplifying Eq. (4-115) or by applying the gain formula to the SFG representations of the
system, the output becomes

1 Ms

= F(s)+—
Ms +Bs+ K Ms +Bs+ K

Y(s)= X () +— x(t,) (4-116)

s+ Bs+ K
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