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Figure3-1  (a) A series RLC network. (b) A spring-mass-damper system.
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Figure 3-4 (a) A spring-dashpot mechanism, (b) A series RC network. (¢) A one-tank liquid level
system. (d) A heat transfer problem.
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3-4-2 Second-Order Prototype System

d*y(t) dy(t)

7 +2§(0"7+(0jy(t)=(oju(t) (3-94)
(H)=u(t) o sl (3-95)
TSRSy, poe )

If y(0)=¥=0, L(u(t))= U(.~;)=l and L(y(t))=Y(s), the output relation in the
s

s-domain is

2
;

1
Y(s)= 3-96
(5) s+ 200 s+ o] i
where the transfer function of the system is
G- (3-97)

U(s) s*+2lm s+0}
The characteristic equation of the prototype second-order system is obtained by setting
the denominator of Eq. (3-97) to zero:
A(s)=s"+2{w s+ =0 (3-98)

The two poles of the system are the roots of the characteristic equation, expressed as

5,58, =—(0, T @, [0 -1 (3-99)
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System Is Critically Damped =1 (A Z2, ST)

Y(s]-l, s .-l =28 (3-100)
s+ 5+, s(s+@ )

Further, the transfer function in Eq. (3-98) becomes

,.‘
Gls)=—2 (3-101)
(s+@, )

where G(s) has two repeated poles at s = —@,, as shown in Fig. 3-7. In order to find the
solution of the differential equation, in this case, we obtain the partial fraction representa-
tion of Eq. (3-100) following the process defined in Example 3-3-2. Hence, by using the
format of Eq. (3-57), ¥{s) Is written as

Y(s)-£+ A, - A,

5 3 (3’ 102)
s (s+w,) G+o)
where

K= 2|l (3-103)

s{s+m, ) | i
A=lrapi—2 | =g (3-104)

g s(s+a@, ) <
A=Y rn ple || _ (3-105)

ds s, ) ||
The completed partial-fraction expansion is
Y — : (3-106)

s (s+w,) (s+o,)

Jjo
A
s-plane
X 7 i > T
-y, 0

Figure 3-7  Poles of Y(s) in a critically
damped prototype first-order system
with a unit step input.
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Further, the transfer function in Eq. (3-108) becomes

2

@
Gis)=—5——" 2
$*+20 s+

where G(s) has two poles at

5,58, ==+ I -1

Let’s define

(3-108)

(3-109)

(3-110)

(3-111)

(3-112)

is, for the purpose of reference, loosely called the conditional (or damped) frequency of the
system—note the system will not exhibit oscillations in the overdamped case, so usage of
the term frequency is not an accurate term. We use the following numerical example for

easier understanding of the approach.

gEs B a

yung Hee University

=
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EXAMPLE 3-4-1 Consider Eq. (3-108) with ¢ =¥ and @, = J2 rad/s:

V)=t

== (3-113)
§5°+35+2 s(s+1)(s+2)

The transfer function of the system G(s) in Eq. (3-109) has two poles at s, =1 and s, = 2, as shown
in Fig. 3-8. In order to find the solution of the differential equation, in this case, we obtain the partial
fraction representation of Eq. (3-113) following the process defined in Example 3-3-1. Hence, by
using the format of Eq. (3-45), Y(s) is written as

oKl Kl K g 3-114
r&= s +(s+l)+(s+2) ¢ )

where

=1 (3-115)

s={)

ool 2]
s(s+1)(s+2)

jo
A
s-plane
H—X —t » 0
-2 -10 1 2

Figure3-8  Poles of Y(s) in an overdamped prototype
first-order system with a unit-step input.




Kyu

where A is a constant. The transfer function of this system is

A -
G(s)=— ’a" - (3-121)
§+200 s+ m

Assigning the following values to the differential equation parameters, we get

d: y(t)  dylt)
—+3 +2y(t)=5u(t 3.122
S +3 T 2y0=5u,0) (3-122)
where u({) is the unit-step function. The initial conditions are ¥{(0) = -1 and y(ﬁ}:% =2.

To solve the differential equation, we first take the Laplace transform on both sides of Eq. (3-122):
$TY(8)=sp(0)= $#0)+ 3s¥ ()= 3p{0)+ 2Y (s) = 5/5 (3-123)

Substituting the values of the initial conditions into the last equation and solving for Y{(s), we get

T e 5 PR Sl 5 (3-124)
s(s“+3s5+2) s(s+1)(s+2)
Equation (3-124) is expanded by partial-fraction expansion to give
Ty ame g 2 (3-125)
25 s+1 2(s5+2)
Taking the inverse Laplace transform of Eq. (3-125), we get the complete solution as
y(:):%—s’e'%c ¥ 1z0 (3-126)

The first term In Eq. (3-126) is the steady-state or the particular solution; the Jast two terms
represent the transient or homogeneous solution. Unlike the classical method, which requires sepa-
rate steps to give the transient and the steady-state responses or solutions, the Laplace transform
method gives the entire solution in one operation.

If only the magnitude of the steady-state solution of (1) is of interest, the final-value
‘The terms transient and steady- theorem of Eq. {3-36) may be applied. Thus,
state responses are used to indicate
the homogeneous and particular

(3-127)
solutions of differential equations.

—s'=5+5 5
t)= sY(s)=lm———=—
!lgl_}'() I}n} () !}ms_+3$+2 2

where, in order to ensure the validity of the final-value theorem, we have first checked and found that
the poles of function s¥{s) are all in the left-half s-plane.



System Is Underdamped { < 1 (B4, SH FA4)

y —
ml
G(s)= Tt (3-129)
where G(s) has two complex-conjugate poles at
55, =0, + oo 1= (3-130)

where the f term was cosmetically Introduced to reflect that the poles are complex-conjugate.
Let’s define

o ={m, (3-131)

as the damping factor, and

o =0 1-¢* (3-132)

as the condittonal (or damped) frequency of the system. Figure 3-9 illustrates the relation-
ships among the location of the characteristic equation roots and ¢.{,@,, and @. For the
complex-conjugate roots shown,

* @, Is the radial distance from the roots to the origin of the s-plane, or o, :

Jo, ¥ +el(1-07) -
« os the real part of the roots.
« wIs the Imaginary part of the roots.

«  {1s the costne of the angle between the radial line to the roots and the negative ax!
when the roots are In the left-half s-plane, or { = cos8.

Figure 3-9  Relationships among the characteristic-equation roots of the prototype second-order

system and o, {, @ ,and @

Kyung Hee University
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The partial-fraction expansion of Eq. (3-128) Is written

. K K
Y)Yy "om , Tom (3-133)
S s+0-jo s+0+ jo
where
K,=sY(s)| =1 (3-134)
K g =(5+0— J0)¥(s)| i (3-135)
o =Ero— TS TN =
SR N S
K 4 p =(s+0+ )Y () = i (3-136)
o-p=(st0+ L Ny =1 -
& 2\1-¢
The angle ¢ 1s given by
o=n—cos'{ (3-137)

and s tllustrated In Fig. 3-9. The Inverse Laplace transform of Eq. (3-128) Is now wrltten as

l -
t= ~gug | pleeg) _ - o)
Ul l+21 7 e p ]
:l‘f’ﬁfé"#mn[tl% h_gzt_¢] ‘20

(3-138)

s-plane

w=a,/1-2

l

where Euler’s formula from Eq. (3-33) has been used to convert exponential terms Inside
the brackets In Eq. (3-138) to a stne function. Substituting Eq. (3-137) into Eq. (3-138) for
¢ we have

(3-139)

w{(t): 1- J:Te““ sln[(w.,/l—g’ ):+cos”§] tz0




EXAMPLE 3-4-3 Consider the linear differential equation

A 34521 1 000y(1) = 10000 (1) (3-140)

dr dt

The initial values of y(t) and dy(t)/df are zero. Taking the Laplace transform on both sides of
Eq. (3-140), and solving for ¥{s), we have

1000 w;
Y(s)= = - (3-141)
e} s(s* +345s+1000)  s{s* + 2w s+ w])
where, using the second-order prototype representation, { =0.5455 and @_=31.6228 . The inverse
Laplace transform of Eq. (3-141) can be executed substituting these values into Eq. (3-139). Or

¥y =1-1.193¢ "™ sin(26.5{ +0.9938) =20 (3-142)
14 .swp Rew&.
where
8=cos™ { = 09938 md(=56.94°!1-8—r;—f-) (3-143) 12t g
o ={w =1725 (3-144) :
w=0,J1-% =265 (3-145)
Notice the final value of y(f) = 1 in this case, which implies the output perfectly follows the 3‘0'8 i )
input at steady state. See Fig. 3-10 for the time response plot obtained from the following MATLAB z
toolbox. g 06
< o} ™ =
04t .
02} / §
0 / L ' 1 1 L L
0 0.05 0.1 0.15 02 025 03 035

Time (saconds}

m
- 70‘ ﬂ E“ Q m Figure 3-10  Time response y(t) of the second-order system in Eq. (3-140) for a unit-step input.
Kyung Hee University



3-4-3 Second-Order Prototype System—Final Observations

Step Response

1.6 T T

14+

Amplitde yit)
S
o
1

06
04+
02
0 1 ' ' ' L ' : ' '
0 02 04 06 08 | 12 14 16 1.8 2
Timo (corande)

Figure 3-11  Unit-step responses of the prototype second-order system with various damping

ratios.
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Figure 3-12 Locus of roots of the characteristic equation of the prototype

second-order system,
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3-4-3 Second-Order Prototype System—Final Observations
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(b)

A two degree of freedom mechanical system with three springs.
M,y (t)+(K,+K,)y, (t)-K,y,(t)=0

M, y, ()= K, y,(O)+(K, + K,) y,(t)= f(t)
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« x, ()T x,(t)E Y= 2ol FH,
dx,(t) dy,(t)
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dt
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W o= 2 (2-97)0 W] ket ol Hel s

A
« oA MEREA S Y 1A mEgg Ao YAd S o

dxy (1)
dt

« 17

= —dapX] (t) — al)Cz(t) — an—2xn—1(t) - an—lx”(t) + f(t)

o] Eig 2l o] X8-S el R 4] (state equation), x;, x;,
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Ax(t)+ Bu(t)

x(t)

T

a
10
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I

D

<
alll

= AX(s)+BU(s)

sX(s)—x(0)
X(s)

(sI—A)"'x(0)+(sI-A)"'[BU(s)]

T

a
ll®]
o}

i

x(t)=L'[(sI-A)"]x(0)+ L {(sI—A)'[BU(s)]}

Cx(t)+ Du(t)

y(t)
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ol -

o -

' 3
ne-



MIMO (Multi Input Multi Output) A|AEC|] MEah=

.02

d"y(?) d"~ () dy(1)
g 1 gy e + an?)
dmu { d"‘-lut du(t
=b, ()+b ()+---+b, ()+b0u(t) n>m

dam "7 g dt

(s" + a,_ 8"+ 0+ ags + oag)y(t)
- (bmsm + bm_lsm_l + o+ bls + bo)u(t)

E XA A (characteristic equation)<

s" + anMISn-i R a,s + a, = 0
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MIMO (Multi Input Multi Output) A|AES| M S
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dx(t)
dt

y(t)=Cx(t)+Du(t)

= Ax(t)+ Bu(t)

X(s)=(sI-A)"'x(0)+(sI-A) " BU(s)
Y(5)=CX(s)+DU(s)

X AS Y90l CHRIotH,

Y(s)=C(sI-A) "' x(0)+C(sI-A) "' BU(s)+DU(s)

Y(s)=[C(sI-A) 'B+D]U(s)
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bs"+ b _s" '+ -+ bs+b
G(S)= | 1 0

Sn -+ an_lsn—l + - 4 a s + ao

SMYEAIS MEs4o| SRCISIAIS 002 £0t PaCt

G(s)=C(sI—A)B+D =C

s —A| =0
An important property of the characteristic equation is that, if the
coefficients of A arereal, then the coefficients of|sl — Alare also real. The

roots of the characteristic equation are also referred to as the eigenvalues of
the matrix A.
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e Direct decomposition, cascade decomposition, parallel decomposition =
direct decomposition=

)’(5) bmsm +bm lsrn l+"'+b|$+b‘
U(s) s"+a, s""+--+as+a,

G(s)=

s m<n-—1

(S" +a"—|5" l P ’.+a15+aﬂ )Y(S): (bmsm +bm—lsm l + ”+b15+bl:')b'(s)

n n-1 _ .
IA), , IO, DO ootz et
dt” dt” dt

m -

g GMD  8 WL S
dt" dt" dt
x,(t) i 0 1
=] 2O | B | @x
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dx, (1)
= X,(t
dt %{t)
dx (1)
AL
e
dx, (t)
t
dt )
d'r(;;‘(‘)=—a(,x,(t)-a,x.,(t)—---—an_zxn_,(t)—a"_,x"(t)+u(l)
y(t)=b,x (1)+b x,(t)+--+b_x (1) C=[b, b b, - b
0 10 o 0 | W
0 0 1 0 0 0
A= - Z ’ B= )
0 0 0 0 1 0
-a, —a, -a, -a,, —a, 1
C=P bu bl b: bn—~: b"" ]; D=0
e kg sI-A|=s"+a_s""'+---+as+a,=0

n-1
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